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We studied the hydrogen atom as a system of two quantum particles in different confinement con-
ditions; a spherical-impenetrable-wall cavity and a fullerene molecule cage. The motion is referred
to the center of spherical cavities, and the Schrödinger equation solved by means of a Generalized
Sturmian Function expansion in spherical coordinates. The solutions present different properties
from the ones described by the many models in the literature, where the proton is fixed in space
and only the electron is considered as a quantum particle. Our results show that the position of the
proton (i.e. the center of mas of the H atom) is very sensitive to the confinement condition, and
could vary substantially from one state to another, from being sharply centered to being localized
outside the fullerene molecule. Interchange of the localization characteristics between the states
when varying the strength of the fullerene cage and mass occurred through crossing phenomena.
I INTRODUCTION
Being the simplest atomic system, hydrogen is one of
the most extensively studied elements of the periodic
table. The atom has a relatively simple mathematical
description through the analytical solution of the two-
body Schrödinger equation, which allows a comprehen-
sion of its electronic structure, its quantum states, its
discrete nature of energy levels, and other related proper-
ties. From the experimental side, it has been bombarded
with electrons [1], protons [2, 3] and photons [4, 5], com-
bined with other chemical elements, and more recently
[6, 7] confined in fullerene structures.
The wave functions which theoretically describe these
processes are usually obtained from the hydrogen-like
Schrödinger equation, by separating the center of mass
and relative coordinates [8]. The problem maps to a cen-
tral field problem for a particle of reduced mass µ, and
since µ is very similar to the electron mass, it is usually
interpreted as if the nucleus were fixed at the center of
the coordinate system. Actually, the center of mass has
also a quantum behavior, but it is not generally consid-
ered, since the interesting properties such as ionization
energies or the excited states structure, only depend on
the relative dynamics.
The same approach is sometimes applied when the
atomic confinement is modeled [9–12], where the proton
is generally considered as an infinitely massive particle
fixed in space, acting as a Coulomb center for the elec-
trons clamped somewhere in the box [13, 14]. In the
case where the proton is not centered, the separation of
coordinates is not possible as discussed by Tanner [15]
and Amore (and Fernández) [16] for the harmonic oscil-
lator. The way to deal with the system while keeping the
two-body simplicity is considering the electron-wall inter-
actions of a spherical box or fullerene molecule through
boundary conditions [17] or central potentials [18] respec-
tively, as a function of the radial coordinates. The move-
ment of the nucleus can then be considered perturba-
tively [13], or in the Born-Oppenheimer approximation,
where the energy value of the system as a function of
its coordinates defines a Potential Energy Surface (PES)
through which it moves [19].
An alternative way is to consider the system as a three-
body problem, consisting of a proton, an electron and a
confinement cavity. A first approximation to the ground
state solution of the hydrogen atom in an infinitely mas-
sive spherical box was introduced by F. M. Fernández
[20], who performed a variational calculation with a very
simple trial function, which results efficient for strong
confinement, i.e. Rc(radius cage)< 1 a.u. Better results
have been found in a more recent calculation with a gen-
eralized Hylleraas basis set of four linear parameters and
three exponentials [21], where mean values of some ob-
servables were given for the ground state as a function of
the confinement radius.
In this work we extend the study of the confined hydro-
gen atom with a moving nucleus to the case of endohedral
confinement. We emphasize the analysis to the localiza-
tion of the proton, identifying the confinement conditions
which are (and are not) compatible with the usual atom-
centered models. The solution of the Schrödinger equa-
tion is obtained by means of a Configuration Interaction
(CI) approach with Generalized Sturmian Functions, in
the coordinates which locates the proton and electron
from the center of the confinement cage.
The paper is organized as follows: In Sect. II we intro-
duce the driven equations for the system and the math-
ematical tools we used to solve them. In Sect. III we
show convergence of the calculations. We present re-
sults for the ground state of the Hydrogen atom and
describe localization phenomena of the atom for some
confinement conditions. Finite mass of the confinement
molecule and crossing phenomena between the states as a
function of the interactions strength and molecular mass
is described. Finally, a summary and some concluding
remarks are given in Sect. IV. Hartree atomic units
(} = me = e = 1) are used throughout this paper.
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2II THEORY
We consider the confined hydrogen atom as a system of
two quantum particles inside a spherical cavity of radius
Rc, where the center of the sphere is considered as the
center of the coordinate system. The Hamiltonian can
be written as:
H = − O
2
e
2µe
− O
2
p
2µp
− 1
mc
Oe.Op+Ue(re)+Up(rp)− λ
rep
(1)
where the sub-index e (p) denotes the coordinate and
reduced mass associated to the electron (proton) with the
mass mc of the confinement cage and rep is the electron-
proton distance, while λ is the strength of the interaction
(i.e. λ = 1 for Hydrogen). We study two cases, the
particles inside a spherical box (SB) with impenetrable
walls, and a model of endohedral fullerene confinement
(FP). In the first case, we take Ue = Up = 0 and impose
the boundary condition Ψ(re, rp) = 0 for re or rp equal
or greater than Rc.
In the second case, the confinement is associated to a
fullerene cage considered to be infinitely massive (' 720
times mp). For the electronic potential we use the well
given by Connerade et al. [18]:
Ue(r) =
{ −U0 < 0 rc ≤ r ≤ rc + ∆
0 otherwise
(2)
where rc and ∆ are the inner radius and the thickness of
the shell, respectively. We use the values deduced by Xu
et al. [22] (rc = 5.75 a.u. and ∆ = 1.89 a.u.), which are
specific for a C60 molecule. On the other hand, the value
of U0 is changed in order to explore the general physics of
the system. In a physical picture, this value can actually
be changed; for example modifying the number of atoms
of the molecule and therefore the fullerene structure.
It follows that the complex physics involved in the
chemical processes for the H−C60 is not included in this
model. Indeed, the interaction of the proton with the
fullerene cage should be different from Ue because of the
different physical properties, principally its mass, charge
and indistinguishablity with other constituent particles
of the molecule. However, since the proton has the op-
posite electron’s charge, it is naturally suggested to con-
sider as a first approximation to more elaborate models
Up(r) = −Ue(r). Independently of the veracity of the
proposed interaction, the present model will allow us to
discover and understand some interesting properties of
the collective quantum dynamics of two particles with
quite different masses.
Sturmian expansion
In order to have a spatial representation of the eigen-
states we use the Sturmian basis, which satisfies the equa-
tion:[
− 1
2mi
∇2ri + Ui(ri)− Ei
]
Ψνi(ri) = −βνiV (ri)Ψνi(ri),
(3)
together with the physical boundary conditions:∫
|Ψνi(ri)|dr3i < ∞ (4)
Ψνi(ri) = 0 for ri = Rc, (5)
where ri = |ri|, νi = {ni, li,mi} and i = e, p.
The Sturmian basis results from (3) and the conditions
(4) and (5), by taking the energy E as an externally fixed
parameter and βν as the eigenvalue to be determined
(here ν stands for all quantum numbers) [23]. V is any
atomic-kind potential which depends only on the distance
ri and satisfy V (ri) = 0 for ri > Rc.
Eq. (3) is separable in spherical coordinates as usual:
Ψνi(ri) =
1
ri
Sni,li(ri)Yli,mi(θi, ϕi), (6)
and we only have to solve for Sni,li(ri):
[Tri + Ui(ri)− Ei]Sni,li(ri) = −βνiV (ri)Sni,li(ri) (7)
where Tr is the radial kinetic energy operator:
Tr = − 1
2m
d2
dr2
+
l(l + 1)
2mr2
. (8)
The boundary condition (4) ensures the regularity of the
Sturmian functions, while the boundary condition (5) de-
picts the confinement. For the SB case, Rc is the radius
of the cage; while for FP it is chosen large enough to af-
fect negligibly the wave functions which are localized by
the fullerene potential.
As is usual in uncorrelated CI calculations, we use a
partial-wave expansion for the Coulomb interaction:
λ
rep
= λ
∞∑
l=0
rl<
rl+1>
4pi
2l + 1
l∑
m=−l
Y ml (rˆe)Y
m∗
l (rˆp), (9)
where r> (r<) is the greater (smaller) between re and rp.
The eigenfunctions of the Hamiltonian given by Eq. (1)
can be written as:
ΨL,M (re, rp) =
N∑
ν
aL,Mν Φ
L,M
ν (re, rp), (10)
where
ΦL,Mν (re, rp) =
Sne,le(re)
re
Snp,lp(rp)
rp
YL,Mle,lp (r̂e, r̂p) (11)
and ν = {le, lp, ne, np}. Note that we use the spherical
bi harmonics YL,Mle,lp , which are eigenfunctions of the total
angular momentum operator and its projection along the
zˆ axis with quantum numbers L and M respectively.
By means of the Galerking method and standard alge-
bra packages [24] we obtain solutions for the coefficients
aL,Mν and energies E [23].
3III RESULTS
Convergence properties of the expansion
The convergence of the wave functions with the num-
ber of radial configurations included in the expansion can
be analyzed through the ground state energy. Here we
consider the hydrogen atom (U0 = 0) in a spherical box
of radius Rc = 10 a.u., as a function of the radial ba-
sis elements per coordinate. Since partial wave conver-
gence will be analyzed later, here we study the s-wave
(le = lp = 0) case. We will use two basis sets. One is
the box-based Sturmians SFb (i.e. Ui = 0 and Vi = 1,
i = e, p) which depends only on the value of Rc, the
distance at which homogeneous conditions are imposed.
This is the basis we will use in the next section, where
the deep of the potential U0 and the coulomb interaction
strength λ will be varied.
Before we present results, we would like to stress that
the Sturmian functions can be defined to efficiently repre-
sent a particular state [23]. In order to show this, we pro-
pose as an example a second basis which gives better re-
sults with smaller basis elements than the SFb. This opti-
mal basis SFo is defined through Ui = 0, Vi = r−1i e
−αiri
(i = e, p), Ee = Ep = −0.5 and αp = 2αe = 1 in Eq. (3).
The potentials and parameters we have just defined were
chosen based in our previous experience [23] and perform-
ing few variational iterations. A deeper optimization can
also be performed in all parameters and functional space
of potentials Vi.
In Table I we show the ground state energies of the
s-wave (le = lp = 0) confined H atom as a function of
the number of radial states per coordinate. We clearly
see that the optimized basis is much more efficient than
the unoptimized one. However, the disadvantage of opti-
mization is that it has to be performed for each individual
state in an iterative procedure. Here we reach, with the
SFo, convergence of the radial expansion for the ground
state of the system until the 6th decimal figure by using
25 radial functions per coordinate, while for the same size
the SFb basis gives only up to the first one.
Deeper values of the energy can be obtained by adding
angular terms. This is done through the bi spherical har-
monics, in the same fashion as for the SFb and SFo basis.
The expected energy for the ground state will be close to
−0.5, which is a little bit higher due to the finite size of
the basis and the confinement effects. If we were dealing
with an H atom modeled as a single neutral particle in a
box, the amount of the total energy associated to the con-
finement effect would be pi2/2R2c(me+mp) ' 2.7×10−5,
i.e., the exact ground state energy of the system. How-
ever, as we will see, the true state corresponding to a two
particle wave function is very different in shape if we look
Ground state energy
nmax SFb SFo
5 -0.2905806409 -0.4470251209
10 -0.3729047660 -0.4663337297
15 -0.4130974121 -0.4672219778
20 -0.4353883725 -0.4672434215
25 -0.4485486681 -0.4672446242
30 -0.4565116034 -0.4672448546
35 -0.4613104686 -0.4672448585
40 -0.4641220711 -0.4672449074
45 -0.4656910723 -0.4672448904
50 -0.4665127698 -0.4672449113
TABLE I: Convergence analysis for the le = lp = 0 ground
state of the confined hydrogen atom as a function of radial
functions per particle nmax with the box based (SFb) and
“sophisticated” (SFo) radial Sturmians.
Ground state energy
lmax SFb SFo
0 -0.4353883725 -0.4672434215
1 -0.4748432442 -0.4878532032
2 -0.4843652580 -0.4922149011
3 -0.4884665735 -0.4934791747
4 -0.4907433951 -0.4939416245
5 -0.4921976351 -0.4941458680
6 -0.4932104410 -0.4942489924
7 -0.4939553268 -0.4943062823
TABLE II: Convergence analysis for ground state of the con-
fined hydrogen atom as a function of the maximum number
of partial waves (lmax) added when using 20 radial functions
per coordinate, with the box based (SFb) and “sophisticated”
(SFo) radial Sturmians.
at the center of mass distribution, which almost equals
the proton’s distribution. That is why we can’t estimate
a priori the confinement energy of the composed system.
In Table II we show the energy values of the ground
state energy of the system as a function of the maximum
number of partial waves used, when the number of radial
functions per coordinate is 20 (note that the values for
lmax = 0 are the same as the value for nmax = 20).
We clearly see an improvement in the energy value when
increasing lmax.
As we are not introducing the relative coordinate rep
in our expansion, the convergence of the energy is much
less efficient than in the case of the generalized Hyller-
aas series, since with fewer basis functions, the Hylleraas
expansion gives better results. Moreover, if one consid-
ered the spherical coordinates we use, the Kato cusp con-
ditions [25] would be found in the angular coordinates.
This sharp behavior cannot be reached with spherical
harmonics. However, the CI calculation with a large
number of configurations is more complete, in the sense
that a great variety of distributions can be described with
4FIG. 1: Spatial distributions of the ground states of the e-
p system under different confinement conditions which are
simulated by varying the strength of the interactions through
the values of λ and U0 (see text).
it. In fact, the eigenvalue calculation which gives the last
element of Table (II) corresponds to an expansion with
20× 20× (7 + 1) = 3200 basis elements, which gives rise
to the same number of eigenstates. In our case we do not
know the distribution we are going to find, so the basis
must be general and not optimized for hydrogenic states.
Ground State 1S: spatial distribution
Let us now study how the confinement influences the
wave functions to determine the particle’s spatial distri-
bution. Starting with the spherical box considered in
the previous section, we vary the interaction between the
particles through the λ parameter (shown in Eq. (1))
and the strength U0 that describes the interaction with
the fullerene cage, taking into account only s-wave partial
wave terms. The results are summarized in Fig. (1):
The first solution is obtained by setting λ = U0 = 0
(top-left), and corresponds to box based behavior in each
coordinate. The Hamiltonian is uncorrelated in the vari-
ables, and the solution is exact and can be described by
a single product of Sturmian functions. When the C60
potential model is turned on to U0 = 1 (λ = 0) (top-
right), the electron moves to the well while the proton,
which sees a repulsive barrier, stays in the external re-
gion. It is still contained by the walls at Rc, but if an
infinite radial domain were used, its spatial distribution
would be that of an unbounded particle. If the Coulomb
potential is turned on in absence of the fullerene well,
(λ = 1 and U0 = 0), both particles get close to the center
of the sphere, as it is shown in the bottom-left part of
Fig. (1). This appears to be a strange behavior, since
the global H system is neutral, and it would be expected
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Box              (λ = U0 = 0)
Box-Cb        (λ = 1, U0 = 0)
Box-C60       (λ = 0, U0 = 0.4)
Box-C60       (λ = 0, U0 = 1)
Box-Cb-C60 (λ = 1, U0 = 0.4)
Box-Cb-C60 (λ = 1, U0 = 1)
FIG. 2: Energy value vs. its order of appearance for the
confined e-p system under various situations. Box conditions
are imposed at Rc = 20 and several parameters describe the
interactions. (Black) circles: λ = U0 = 0; (red) squares:
λ = 1 and U0 = 0; (green) diamonds: λ = 0 and U0 = 1;
(magenta) down triangles: λ = 0 and U0 = 1; (blue) up
triangles: λ = 1 and U0 = 0.4; (orange) left triangles: λ = 1
and U0 = 1.
the distribution of a particle of mass me + mp inside
a spherical well for the center of mass of the H atom,
which is practically coincident with the proton position.
Instead, we find a very sharp wave function, product of
the interaction of the complex two-particle system with
the boundary. In order to understand this behavior, we
have to take into account that the proton is much heavier
than the electron, and its confinement is less expensive
from the energetic standpoint.
Since the ground state lacks nodal curves [26] and must
be null at the surface of the confining sphere, we supposed
the wave function would be a decreasing function of the
electronic coordinate, having its maximum at the center
of the sphere. This is true for small Rc, where confine-
ment energy becomes more important than Coulomb in-
teraction [27]. Such distribution would act as a potential
energy surface (PES) for the proton, giving a distribu-
tion of it centered at its minimum (the maximum of the
electronic distribution) with a very small width because
of its mass. Now we can argue that the electronic distri-
bution of this particular state would be the one that ad-
justs to a proton located at the center of the coordinates
[9, 10, 15, 17], as many models established. We have in-
creased the value of the cage radius up to Rc ' 100 a. u.
and found the same centered distribution.
The plot of the bottom-left part of Fig. (1) corresponds
to the ground state of two interacting coulomb particles
in presence of the C60 potential (λ = 1 and U0 = 1).
In this case the wave function describes the electron in
the well while the proton, attracted by the electron and
repelled by the potential, is located in the internal part
5of the fullerene cage. This result shows a significant dif-
ference with the models of endohedral confinement with
the centered atom.
Behavior of the spectrum
To deepen the understanding of the results, let us ana-
lyze the energy spectrum for different values of U0, with
and without Coulomb interaction. Several of these state-
ments are conclusions drawn from the analysis of both
spectra graphs as several charts of wave functions for dif-
ferent conditions, analogous to those shown in Fig. (1).
The energies are shown in Fig. (2), where we plot them
in increasing order for the s-wave model (le = lp = 0)
in a calculation with 50 radial functions per coordinate,
making a total of 2500 states. Here we use box based
Sturmians (Ui = 0 and Vi = 1, i = 1, 2 and RC = 20 in
Ec. ( 7)), so that all uncorrelated calculations (λ = 0) are
exact solutions. These are represented with black circles,
and their values, obtained from the calculation, can also
be determined by the expression:
E = Ep + Ee = (pine)
2/2R2cme + (pinp)
2/2R2cmp, (12)
the grounds state having energy equal to E = 0.012343
a.u. and corresponds to ne = np = 1.
The first fifty states correspond to the case ne = 1 and
np = 1, 2, ..., 50, the small difference between them being
a consequence of the mass value of the proton. A jump
appears at the state number 51, which corresponds to
the case (ne = 2, np = 1), followed by the (ne = 2, np =
2, 3, ..., 50) states, and so on. We must clarify that the
jump between the ne = 1 and ne = 2 would be unnoticed
if a minimum number of proton states were included such
that np ≥
√
4mp/me ' 86, which follows from Eq. (12).
A similar structure appears when correlation or other
values of U0 are considered. Coulomb interaction (red
squares) with U0 = 0 changes the nodal structure, laying
the (ne = 2, np = 1) state of energy −0.118891 a.u. in
the 15th place (instead of the 51th) and moving down the
whole set of values, the jump being now unobserved. For
higher energies the Coulomb interaction becomes rela-
tively less important than the confinement, and the slope
of the curve (actually, a quadratic behavior) tends to
that of the uncorrelated case. Ground state energy is
−0.447973 a.u., which is close to the ground state of the
free hydrogen system.
With λ = 0 and U0 = 0.4 (dark green triangle down),
the first energy values are lower than for the U0 = 0 case.
On the one hand, this behavior is in accordance with the
attractive effect of the C60 potential on the electron. On
the other hand, it is repulsive for the proton and the ef-
fect should be the contrary. As we mentioned, the proton
localization, in this case outside the repulsive barrier, is
less expensive from the energetic point of view, while the
bound energy of the electron in the well dominates. The
ne = 1 → 2 “jump” occurs now between the 44th and
46th places, with the 45th eigenvalue in a transition re-
gion, and corresponds to electron states which are bound
for ne = 1 and unbound for ne = 2. The same happens
with U0 = 1 (magenta diamonds), with a bigger jump,
since the effect of the potential is higher, still having only
one electron bound state.
When λ = 1 and U0 = 0.4 (blue triangle left), it cor-
responds to the confined H@C60 model. The ordered
energies present a structure which seems to be an admix-
ture of the ones discussed above. We see that the energies
of the first and second states are practically unchanged
from the U0 = 0 case. This is because the wave func-
tion is centered and without overlapping the well. Then
they follow states with the electron bounded to the cage
and the proton inside and outside the cage. States 50th
to 59th, have mostly distributions in which the electron-
proton pair is bounded and “glued” to the surface from
the inner side, while in the 60th both particles are outside
the fullerene. For λ = U0 = 1 (orange triangle up) the
structure is similar, but with a wither Coulomb struc-
ture (from state 44th to 60th) and lower ground state.
In this case the ground state energy is lower than −0.5
a.u., corresponding to the situation where the electron
is in the well (lower right of Fig. (1)). There exists,
however, a state with energy −0.446197 a.u. which has
almost the same probability distribution as the ground
state for U0 = 0. This state is in the 46th place, and con-
sequently has a complex (hidden) nodal structure which
is not present in the ground state for U0 = 0.
The interchange of properties in the probabilities be-
tween different eigenstates when a parameter of the equa-
tion is changed, is related to what is called crossings of
energies, and will be discussed in the next section.
Crossing phenomena
The behavior of the electronic energy levels as a func-
tion of the magnitude of the fullerene potential has been
deeply studied for a confined Helium model [26]. In par-
ticular, the phenomenon of “mirror collapse”, where the
wave functions interchange their characteristic probabil-
ity distribution while keeping its position in the ordered
list of eigenvalues and conserving its nodal structure.
Without making an exhaustive description of the behav-
ior of the states around each crossing, we want to show
that the same kind of phenomena presents here the endo-
hedrally confined hydrogen atom with a moving nucleus.
This time we also show what happens when we vary the
mass of the fullerene cage while keeping the magnitude
of the C60 potential fixed.
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FIG. 3: Evolution of the negative energy levels of the confined
hydrogen atom as a function of U0.
Fig. (3) shows the evolution of the negative energy
levels as a function of U0. We see that the ground state
energy is not equal to −0.5, but higher. In this case we
use 20 SFb per radial coordinate and lmax = 2. This is
because of the confinement and also the finite size of the
partial wave and radial expansions. Although the energy
values are not too precise with these basis dimensions, the
results are representative enough for the understanding
of the phenomena we want to describe.
We can observe an avoided crossing between the first
two energy levels as a function of U0, which occurs around
U0 = 0.47. At the inner box of Fig. (3), we see a magni-
fication of this crossing, and at Fig. (4) the density plots
of the two-dimensional probability distributions for both
states at the left and right of the crossing, where it clearly
shows that the interchange of the probabilities occurs. In
this case, the ground state behavior corresponds to the
atom centered at the cage in a typical “free” hydrogen
distribution, while in the first exited state the bounded
pair is located close to the surface, with the proton and
the electron within and outside the C60 potential.
To understand this behavior, we have to note that for
small values of U0 the ground state has practically no
overlap with the fullerene well, so its energy does not de-
pend on U0. The first excited state correspond to the
case where the electron lies in the well and the proton
is around it. Again, localization of the proton is less
expensive from the kinetic energy point of view, and it
tends to locate as close to the electron as possible, with-
out overlapping the repulsive region. The energy of the
first exited state linearly decreases with U0 at 0.45, and
at U0 = 0.47 it encounters the ground state energy. At
the same time, the ground state pair starts to move to
the well gradually since its configuration there has the
same energy as at the center of the cage. As the states
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|rerpΨ(2)0,0(re, rp)|2
|rerpΨ(1)0,0(re, rp)|2
|rerpΨ(2)0,0(re, rp)|2
|rerpΨ(1)0,0(re, rp)|2
FIG. 4: Mirror collapse between the first two states of the
confined H system for the evolution of the energy values as
a function of the potential U0. Inner boxes show the spatial
distribution of the two states at the left and right sides of the
crossing, where it can be seen that the spatial distribution of
the particles becomes interchanged.
become quasi degenerate, their nodal structure is main-
tained, with the ground state never having nodal sur-
faces. The crossing is “avoided”, i. e. the states never
have exactly the same energy value for a fixed U0.
A striking distribution appears for U0 6= 0, and cor-
responds to a bound state where the proton is mostly
outside the fullerene. The distribution mixes through
the crossing structure of the Fig. (3) and is amplified in
the upper inner box. It corresponds to the 4th and 5th
excited states, having an energy close to −0.573 (lower
than the hydrogen bound state). In Fig. (5), the spa-
tial distribution for the 4th state is shown and is related
to a bound state of the system in which the proton dis-
tribution is outside the fullerene cage. Crossing appears
close to U0 = 0.575 and is shown in Fig. (4). Note that,
asymptotically, the field in which the proton moves is
Coulombic. As it is known for potentials with asymp-
totic Coulomb tails [28], there exists an infinite number
of bound states. We estimate that there exists an infinite
number of states whit these characteristics for the proton
distribution (i. e. located outside the fullerene cage).
Finally, we vary the mass of the fullerene molecule in
search of crossings, from (nonphysical) values ' 1 a.u. to
1.44×106 a.u. (the order of magnitude of the exact value
for fullerene molecule). We found that all the crossings
occur at mass values which are small compared to the
mass of the C60 fullerene or other species Cn. However,
we found a situation we think is interesting to describe,
and which could be present in confinement of heavier
atoms or molecules. Fig. (6) shows the crossing between
70
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FIG. 5: Three dimensional plot for the 4th excited state of
the confined hydrogen atom, of energy −0.573 for U0 = 0.575.
Distribution shows the proton localized outside the fullerene
structure.
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FIG. 6: Mirror collapse between the two first states of the
confined H system for the evolution of the energy values as a
function of the fullerene mass m3. Their properties become
interchanged when the C60 mass vary from 660 to 740 electron
mass.
the 5th and 6th energy levels when m3 vary from 660 to
770 me.
In this particular case, the localization of the particles
(shown in the inner boxes) becomes also interchanged
and corresponds to the case where the atom localize in-
side and outside the C60 potential. The distribution of
both states represents very different situations for the
proton distribution, one where the proton has an oscil-
lating inner distribution in the region rp . 4, and the
other glued to the fullerene surface from the inner side
(4 . rp . 6).
IV CONCLUSIONS
We have studied the confinement of the hydrogen atom
in a spherical cavity through a quantum mechanical
model which included both, the electron and the proton
dynamics. We have considered the case of a spherical
well of impenetrable walls and a fullerene C60 which was
modeled as a spherical barrier, attractive for the electron
and repulsive for the proton. The dynamic was driven
by the solutions of the three-body-like Schrödinger equa-
tion, where the motion of the particles is described in
the coordinates which locate them with respect to the
center of the spherical cavity. The solution was obtained
through the Generalized Sturmian Functions method.
The wave functions showed a behavior that substan-
tially differs from the many models found in the litera-
ture, where the proton is fixed at the center of the co-
ordinate system, or moved perturbatively in the Born-
Oppenheimer approximation. In the moving nucleus
case, the states showed a different proton distribution
for each energy level, being the bound state with the
proton located outside the fullerene, one of the more cu-
rious situations which manifested the complexity of the
system. For a fullerene potential which was deep enough
to keep the electron bounded at least in one state, we
can argue that the asymptotic interaction for the pro-
ton corresponded to an attractive Coulombic tail, which
supported infinitely many bound states, in particular Ry-
dberg states.
The spectrum of the system in the moving nucleus case
was much more dense than the given for the fixed nu-
cleus. The “new” levels were associated to the dynamics
of the proton, and can be understood by considering the
distance between the energies for a confined particle de-
creasing with the inverse of the mass.
Apart from the complexity of the moving nucleus sys-
tem, we found one match with the fixed nucleus model
for the ground state of weak fullerene wells. In that case,
the proton located at the center of the molecule, and the
same happened for the rigid sphere. The corresponding
distribution of the center of mass of the atom was very
different to the box ground state of a neutral particle. It
reflected how different the dynamics of a simplified model
could be from a composed system.
Finally, we found crossing phenomena for the spectrum
as a function of the parameters of the equation. By vary-
ing the magnitude of the fullerene well, we found many
avoided crossings, while by changing the fullerene mass,
we found only one. These are the preliminary results of a
more exhaustive searching of crossings which will include
the variation of radius of the fullerene well. This change
of radius would actually happen if vibrational modes of
the carbon structure were considered. The results would
be part of an oncoming publication.
8ACKNOWLEDGMENTS
This work has been supported by ANPCyT (PICT-
2014-1400) and CONICET (Argentina). J. M. Randazzo
thanks the support of Universidad Nacional de Cuyo
through grant 06/624.
[1] H. Ehrhardt, M. Schulz, T. Tekaat, and K. Willmann,
Physical Review Letters 22, 89 (1969), URL http://
link.aps.org/doi/10.1103/PhysRevLett.22.89.
[2] M. B. Shah and H. B. Gilbody, Journal of Physics B:
Atomic and Molecular Physics 14, 2361 (1981), ISSN
0022-3700, URL http://stacks.iop.org/0022-3700/
14/i=14/a=009.
[3] G. W. Kerby, M. W. Gealy, Y.-Y. Hsu, M. E. Rudd,
D. R. Schultz, and C. O. Reinhold, Physical Review A 51,
2256 (1995), URL http://link.aps.org/doi/10.1103/
PhysRevA.51.2256.
[4] J. D. E. Beynon, Nature 207, 405 (1965), URL
http://www.nature.com/nature/journal/v207/n4995/
abs/207405a0.html.
[5] T. Bergeman, C. Harvey, K. B. Butterfield, H. C. Bryant,
D. A. Clark, P. A. M. Gram, D. MacArthur, M. Davis,
J. B. Donahue, J. Dayton, et al., Physical Review Let-
ters 53, 775 (1984), URL http://link.aps.org/doi/
10.1103/PhysRevLett.53.775.
[6] K. Komatsu, M. Murata, and Y. Murata, Science 307,
238 (2005), ISSN 0036-8075, 1095-9203, URL http://
science.sciencemag.org/content/307/5707/238.
[7] J. López-Gejo, A. A. Martí, M. Ruzzi, S. Jockusch,
K. Komatsu, F. Tanabe, Y. Murata, and N. J. Turro,
Journal of the American Chemical Society 129, 14554
(2007), ISSN 0002-7863, URL http://dx.doi.org/10.
1021/ja076104s.
[8] C. Cohen-Tannoudji, B. Diu, and F. Laloe, Quantum Me-
chanics (Wiley-Interscience, 2006), ISBN 0471569526.
[9] M. Y. Amusia, E. Z. Liverts, and V. B. Mandelzweig,
Physical Review A 74, 042712 (2006), URL http://
link.aps.org/abstract/PRA/v74/e042712.
[10] D. Bielinska-Waz, J. Karwowski, and G. H. F. Dierck-
sen, Journal of Physics B: Atomic, Molecular and Op-
tical Physics 34, 1987 (2001), ISSN 0953-4075, URL
http://stacks.iop.org/0953-4075/34/i=10/a=312.
[11] R. Rivelino and J. D. M. Vianna, Journal of Physics
B: Atomic, Molecular and Optical Physics 34, L645
(2001), ISSN 0953-4075, URL http://stacks.iop.org/
0953-4075/34/i=19/a=103.
[12] B. Saha, T. K. Mukherjee, P. K. Mukherjee, and G. H. F.
Diercksen, Theoretical Chemistry Accounts 108, 305
(2002), ISSN 1432-881X, 1432-2234, URL http://link.
springer.com/article/10.1007/s00214-002-0389-z.
[13] M. Neek-Amal, G. Tayebirad, and R. Asgari, Journal of
Physics B: Atomic, Molecular and Optical Physics 40,
1509 (2007), ISSN 0953-4075, URL http://stacks.iop.
org/0953-4075/40/i=8/a=005.
[14] J. M. Ferreyra and C. R. Proetto, American Jour-
nal of Physics 81, 860 (2013), ISSN 0002-9505, 1943-
2909, URL http://scitation.aip.org/content/aapt/
journal/ajp/81/11/10.1119/1.4820244.
[15] A. C. Tanner, American Journal of Physics 59,
333 (1991), ISSN 0002-9505, 1943-2909, URL
http://scitation.aip.org/content/aapt/journal/
ajp/59/4/10.1119/1.16544.
[16] P. Amore and F. M. Fernández, European Journal of
Physics 31, 69 (2010), ISSN 0143-0807, URL http://
stacks.iop.org/0143-0807/31/i=1/a=007.
[17] C. L. Sech and A. Banerjee, Journal of Physics B: Atomic,
Molecular and Optical Physics 44, 105003 (2011), ISSN
0953-4075, URL http://stacks.iop.org/0953-4075/
44/i=10/a=105003.
[18] J. P. Connerade, V. K. Dolmatov, P. A. Lakshmi, and
S. T. Manson, Journal of Physics B: Atomic, Molecu-
lar and Optical Physics 32, L239 (1999), ISSN 0953-
4075, URL http://stacks.iop.org/0953-4075/32/i=
10/a=101.
[19] J. M. Ferreyra and C. R. Proetto, Physical Review B
52, R2309 (1995), URL http://link.aps.org/doi/10.
1103/PhysRevB.52.R2309.
[20] F. M. Fernández, European Journal of Physics 31, 285
(2010), ISSN 0143-0807, URL http://stacks.iop.org/
0143-0807/31/i=2/a=005.
[21] F. M. Fernández, N. Aquino, and A. Flores-Riveros,
International Journal of Quantum Chemistry 112, 823
(2012), ISSN 1097-461X, URL http://onlinelibrary.
wiley.com/doi/10.1002/qua.23066/abstract.
[22] Y. B. Xu, M. Q. Tan, and U. Becker, Physical Review
Letters 76, 3538 (1996), URL http://link.aps.org/
abstract/PRL/v76/p3538.
[23] J. M. Randazzo, L. U. Ancarani, G. Gasaneo, A. L.
Frapiccini, and F. D. Colavecchia, Physical Review A
81, 042520 (2010), URL http://link.aps.org/doi/10.
1103/PhysRevA.81.042520.
[24] Lapack – linear algebra package,
http://www.netlib.org/lapack/, URL http:
//www.netlib.org/lapack/.
[25] D. Kato and S. Watanabe, Physical Review Letters 74,
2443 (1995).
[26] D. M. Mitnik, J. Randazzo, and G. Gasaneo, Physical
Review A 78, 062501 (2008), URL http://link.aps.
org/doi/10.1103/PhysRevA.78.062501.
[27] N. Aquino, A. Flores-Riveros, and J. F. Rivas-
Silva, Physics Letters A 307, 326 (2003), ISSN
0375-9601, URL http://www.sciencedirect.
com/science/article/B6TVM-47HR6HG-5/2/
a830c32ecb16e4dae14a28530caec549.
[28] Z.-Q. Ma, Phys. Rev. D 33, 1745 (1986), URL http:
//link.aps.org/doi/10.1103/PhysRevD.33.1745.
